A new approach is presented for the calculation of and which uses the Lambert W function. An approximation is first found and using a calculation technique it makes it possible to have an estimate of these two quantities more precise than those known from Cipolla and Riemann. The calculation of uses an approximation using the Lambert W function and an estimate based on a logarithmic least square curve LLS . The function is the same in both cases. The two formulas are:
Introduction
In 2010, Dusart proved that if n 5393. We will use this approximation to give an approximation of by inverting the formula.
If then .
This formula is precise, for n 10 , we have precise at 99.9 %.
By analyzing the remainder of and , we quickly find that it is close to , therefore .
Here is the Lambert W function of order 0. The classical formula for is or better yet the one that was found by Cipolla in 1902 states that.
The calculation was taken further in 1994 with Salvy who extracted a procedure from which the approximation could be taken further.
What is remarkable is the similarity with the asymptotic development of W n . Again, if we analyze the rest with respect to the true value of we find with n 10 this is the best known value of . 58308642550474983476717666 The real value being 58310039994836584070534263, we therefore have an approximation to 0.999976, that is to say 99.9976%. We therefore gained 2 orders of magnitude.
A better approximation
A summary analysis indicates that the remainder after the 2 terms and is logarithmic in nature. A simple idea is then to calculate the logarithmic least squares curve or LLS curve. We can also notice that by taking only one term for the approximation of , this form is equivalent to several terms of Cipolla's development. If we take the 2 terms it will be even more precise. In other words, given the nature of the asymptotic development of , each term is equivalent to several terms of the Cipolla development.
We hypothesize here that the remainder after the 2 terms is a logarithmic curve and that once calculated it will stick to reality.
The question then arises of what is the nature of what remains? In fact, we don't know exactly. The best known formula for π n is that of Li n . Riemann proposed a 2nd formula which seems much better at first sight but which was invalidated by Littlewood in 1914. This 2nd formula, called Riemann R or equivalently, the Gram series is ln ! 1
Numerically, the approximation of π n by the Riemann R formula or the Gram series converges faster is excellent. But Littlewood has shown that after 10 , the approximation drifts. As for the function Li n , it behaves better at much larger scales, the first crossing being evaluated at around 10 . That is, 0 around 1.397 10 .
An interesting pattern appears in these calculations. If we analyze the error closely with the first term for formula 1 we quickly find a logarithmic type curve, then the question arises: what precision can we achieve if we use an approximation of the latter? For example, with
The ratio between the two is around 1 from the start and is around 0.999 when n 10 . So, by calculating a curve of type , we find a coefficient quite close to 1. The approximation is disappointing even if the coefficient is very high. Several formulas have been tested 11 to obtain the best accuracy.
The best approximation that has been found empirically is:
where is of the form .
What is happening is an effect of the Russian dolls, the matrioshkas. The rest with the first term is a curve which is roughly a straight line if you look from afar, the rest after 2 terms is still a 'straight' seen from afar but which is always of logarithmic type. And even with the final correction with : the rest is still a logarithmic curve. All these curves seem equivalent but it is when we analyze closely the error that it varies.
By taking a sampling of the values of between 10 à 10
Step
Number Average gap 3893600 617551
The formula with Lambert W is clearly more precise over the entire interval. In addition, some values are correct since the error is less than 0.5.
Comparison with the range … . 
Results for
For the calculation of , it suffices to reverse the formula for . First of all, numerically it is very fast and above all very precise and even more precise than Li n .
So we pose that
That is, we solve the equation for a value of the chosen The formula with inverted Lambert W for the calculation of is more precise than and happens to have a better average value with the scale 10 but is not more precise for the scale 10 , but it is very close. … The following constant c will generate 565 consecutive primes. Formula : c^n , n 1. Where x is the nearest integer to x.
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